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Quantum-Mechanical Considerations of Chemical Reaction Rates. II.
The Transmission through Curved Reaction Path

By Iwao YASUMORI

(Received February 17, 1959)

Previous quantum-mechanical treat-
ments!~% of chemical reaction rates deal
principally with the behavior of the wave
which represents the réacting system,
passing from the region of the reactant to
that of the resultant on the potential energy
surface of reaction. These treatments
also may be classed in two ways according
to whether their objects are the trans-
mission of the wave through the potential
energy barrier'-* or through the curve
or bend of the reaction path®, for both
the barrier and the bend are the im-
portant characteristics of the reaction
path on the potential energy surface.
Much knowledge of the microscopic feature
of reaction rates, was obtained from these
studies, but all these results were derived
by the use of highly idealized models of
potential, for example, one-dimensional
square barrier or a path with a perpen-
dicular turn, etc., to avoid mathematical
difficulties.

Therefore, it is necessary to examine
which of the conclusions correspond to
the real behavior of reaction or are due
merely to the used model itself.

For the purpose of considering the prob-
lem by the use of the more plausible
potential models than those used before,
Fueki and the present author have
recently treated the transmission through
the two-dimensional smooth barrier with
a parabolic section and have made clear
the properties of the quantum-mechanical
correction which is necessary for the
ordinary estimation of rate by the absolute
reaction rate theory®.

In this paper, another important
problem, the transmission through the
smoothly curved path with reasonable
vibrational potential section is discussed
in general and the extent of reflection and
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transmission is computed for some reac-
tion examples. Then the inspection stated
above is made comparing the present
results with that of Hulburt and Hirsch-
felder’s work® which was previously the
first and only detailed one for the effect
of the curved path. Also a consideration
is made for their predictions of null trans-
mission for the system with particular
values of energy and of the availability of
this effect for the isotopic separation.

Theoretical

Now we take, as a typical example of
reaction, an elementary displacement
reaction between atom A and molecule
BC, A+BC—+AB+C. The general feature
of the potential energy surface for linear
configuration is as shown in Fig. 1.

In order to discuss the transmission
through the bend, we do not take the
potential barrier into consideration and
use a simplified surface and coordinate
system shown in Fig. 2 hereafter.

We assume, as shown in Fig. 2, that the
equi-potential lines are parallel with y and
y' axes in regions I and II respectvely and
that their radii at the bending part are
constant. The dotted line shows the
reaction path of radius ». in region II,
which traces minima in the direction of
x, » or ' in the respective region.

A+BC
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Fig. 1. Potential energy surface of reac-

tion A+BC—AB+C.
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curved

Coordinate
reaction path.

Fig. 2. system of

The wave equation to be satisfied by
the system is

3’;{2‘5-(5— V¥ =0 @

where g is the reduced mass of the
system. According to the assumed form
of potential V, the wave equation is
separable with respect to the variables
(x,9), (,0) and (2',»") in the regions I,
II and III, respectively.

Now let us consider an incident wave
of unit amplitude in region I, which ex-
presses the state of reactant and comes
from y<0 to the boundary y=0, being
partly reflected at the boundary and
partly transmitted through the bend.

Now, the wave functions which express
the states of the system in each region
are given as follows: In region I,

Vi=¢ 1(x) -exp( 2?'?:')’)

Vi +

+2 Bagai@)-exp(~ i piy) @

where the first term represents the inci-
dent wave and the second the reflected
waves. ¢,I(x) is the eigenfunction of
vibrational motion of the system in «-th
state and exp((2xi/k)-p.-y] represents the
eigenfunction of translational motion with
the momentum p,. The total energy of
the system, E, is equal to the sum of those
of each motion, Eviv and Etrans. Bg is
the coefficient of reflected wave referring
to the transition between states, r and 2.
In a similar way, the wave functions in
regions II and III are expressed as

Y= E* [Cer-La11(#) -exp(imsd)
+ D ere Pi11(7) -€xp(—imyf)] 3)
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and
YI=3F,,1¢),M1(x") -exp(—zii p.f-y’) 4@

where m; is a constant and we may define
a new constant ¢; by the equation

2
my= -f---qrn 5)

The coefficients of the transmitted waves,
Cei or Dy, are defined corresponding to
the forward or backward translational
motion in k-th state of region II and that
of the transmitted wave, F..r referring to
t'-th state in region III. We assume that
all the wave functions for the vibrational
motion, ¢,1(x), ¢,1I(x') and ¢1(») are
normalized to unity.

Thus the following equations are readily
obtained by the usual procedure of sub-
stituting the wave functions into the
boundary conditions,

¥l gy 1/ ¥l
1=yl . === =
yi=¥it and ay ay r( a0 )9=0

(@), (b)
at y=0 and

Y=y and oym _ oy 1( a!lfll)
G=48,

oy 3y 7\ a6
(c), (@)
at y'=0; we have
Oe2+ Bea=(Cert Der)una (6)
Ocape—Beapa=24(Cer—Der) -qivia (7)
2k [Crirexp(imafo) + Dok
Xexp(—imifo) | u' ket =F ! (8)
and
21 [Cer-exp(imibfo) — Dy
xexp(—imso)] *qi- ke =Feetp'et (9

The expansion coefficients wuz;’s and
vi2’s are defined by the equations

[Dx11(#)] p=o=¢p11(x) =2 ausz-¢21(x)  (10)
and
[ 7e 1 _ e,
Lr 'if'k“(f)_}ho— o dell(x)
=3Nave2-¢Pi1(x) (11)

Similarly the coefficients u';;1’s and v';;1's

are also defined by the equations
[2:11(#)]) 0 =4,

=¢pll(x") =301 et - P11 (27) (12)

and
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=320 ka1 P MI(x") (13)

Egs. 6—9 are expressed by the use of
the matrix form as

1+B=(C+D)u 6"
p—Bp=(C—D)qv @
(CW+DW*)u'=F (8"
and (CW—DW¥*)gv'=Fp' 9"

where W and its complex conjugate W*
are diagonal matrices whose elements are
exp(imify)’s and exp(—imuby)’s, respec-
tively. Accordingly the coefficient matrix
of the reflected waves, B, and that of the
transmitted waves, F, are formally derived
as follows: We have

B=—(NWM'+MW*N")

X(MWM'+ NW*N')-! (14)
and F=1/2.- [B(MW+ NW¥*)
+ (NW+MW*)] -u' (15)
where
M=u-'—py-ig-! (16)
N=u"'4+pv='q~! (17)
M =u'—qv'p'-! (18)
and N'=u'+qo'p'-? (19)

By the use of the expressions of B and
F, the reflection and transmission coef-
ficients p.; and «.,’ are given by

P¥l=IB:2I2'P1/Pl (20)
and K':"IlF:s'lz’Ptf/Pl (21)
Furthermore, the total reflection and

transmission coefficients from a definite
initial «-th state, p., and &,, are defined as

P:ZEIPH and ‘.‘=er‘!‘! (22): (23)

k. may be estimated from the value of
p. by the use of the following equation,

Ee=1—p, (24)

For the simple case with a single
boundary y=0, taking

D=0 and F..'=0
the equations to be solved become
14+ B=Cu and p— Bp=Cqv. (25), (26)
Then the formal solutions of B and C are

B=(S-1)-(S+1)-! 27
and C=2S(S+1)"t-u-? (28)
where the matrix S has the form of

S=pv-'qg~'u (29)

Therefore, the transmission coefficient,
kek is given by

‘:i=lcsi|2'qk/ps (30)
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in this case.

It is very difficult to obtain explicitly
the rigorous form of the coefficients B.,,
F..r and C,; for general cases. We, there-
fore, confine ourselves to the simple case
where the radius of the path, 7., is much
larger than the classical amplitude of
vibration, Pmax,

¥e € Pmax
The approximate expressions of the
coefficients in this case are given in
Appendix I.

Vibrational Wave Function and Com-
putation of the Coefficients

Now we treat the case in which the
section of the channel is parabolic and
the vibrational motion is simple harmonic.
When we put, as the explicit form of
vibrational potential,

V=2x2pvex’ (31)

the normalized vibrational eigenfunction
with the quantum number « in region I is

Pei(x)=Ne-exp( ~5 01 )H(Va-0) (32
where

p=x—r. and a=4x’pv/h (33)

N.= [(a/m)"/?/2%-kl]"?* is a normalization
factor, H.(V'a« +-p) the x-th Hermite poly-
nomial and v, the fundamental frequency
of vibration. The total energy of the
system in region I is

E=Evib+ Etrans=hvo (e +1/2) + (1/2p)p*  (34)

The eigenfunction of x'-th state in region
111 is readily obtained by replacing + and
x in the above expressions with &' and x'
respectively.

The radial function ¢411(¥) in region II
is obtained in the same way as the well-
known treatment of the vibrational and
rotational motions of diatomic molecule®,
since it is related to the circular potential
shown in Fig. 2.

Therefore, under the condition #; 3 Pmax,
an approximate form of ¢:!1(¥) is given by

Ginr) = - Ne-exp( -5 0)- BR/@-D

(35)
where

n=r.(1+B)] 1“/[1+ _@k+D)

2ari(1+B)? (36)

7) L. Pauling and E. B. Wilson, * Introduction to
Quantum Mechanics’, McGraw-Hill Book Co., Inc.,
New York (1935), p. 298,
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{=p—Br. @37
1 3
B=8/(1+3¢) (38) w2 2™ as_
AT % Jahes
vl =po(1+36%) /2 (39) e
E=qu/2mftrevo (40) 5. .
a' is obtained by replacing v, in a, Eq. 33, ' ! Pmaxx10
with »' and N; by replacing # and a in I
Ne with & and a', respectively. 24 jahi i
The total energy in this region is g H': it Aype?
described as 164 Poo maxx107| 1T Ts H 511x10°
E=hy'(k+1/2) + (1/2p) (1 - B) g#* (41) oo x107 -}1'-51'4—{-1- ------
x. N
The matrix elements of # and v are “ H i .
calculated by Egs. 32 and 35 as shown in 08+ Poomaxx10° 1y 1 [|' i .
Appendix II. { pwa0® 111§ LA
The above consideration is also ap- |= » -
plicable, in principle, to the potential with 10 20 30
Morse function-type section, but the formu- E keal.
lation will be quite tedious. Fie. 4. Reflecti et "
Few potential energy surfaces with con- ‘g;m;‘ darfe:mon coeflicients for two
siderable accuracy have been constructed rg=0.5:A, e 7e=1.0A, 6o=2/3-%

except for the ortho-para hydrogen con-
version reaction, H+ H,—H;+H®%. There-
fore, we performed the computation of
the reflection and transmission coefficients
for the potential surfaces which have a
similar fearture to that of this reaction
except that the barrier is neglected.

The constants used in the computation
are

hyvy=12.56 kcal./mol.
2£=(2/3)-my=1.1156 X10-* g.
00=27/3

7.=1.0 and 0.5 A

These values of ». scarcely satisfy the

and

1 3

- hvo 5 hv
2 L]
1.6 4
poy1x10°
1.2 o1
mem3
< 0.8
Pgoxlﬂ?
0.4 1
Poox10°
10
E keal.
Fig. 3. Reflection coefficients for single
boundary.
—— 7,=05A, ——- 7=1.0A

8) J. O. Hirschfelder, N. Rosen and H. Eyring, J.
Chem. Phys., 4, 121 (1936).

9) J. O. Hirschfelder, H. Eyring and B. Topley, ibid.,
4, 173 (1936).

condition #.® pmax, since the classical
amplitudes of vibrational motion for the
ground and the first excited levels are
0.09 and 0.15A, respectively. Calculations
were performed for the range of the total
energy E <hv(2+1/2) =31.4 kcal./mol. The
obtained values of coefficients are shown
in Figs. 3 and 4.

Discussion

The present results agree, in many
points, with those of Hulburt and Hirsch-
felder’s in which the potential surface of
square-well channel with 90° turn is used,
but there are some noticeable differences
between them.

That the reflection and transmission
coefficients p.; and x.; are not zero for
£+2, shows the occurrence of the cross
transition between the different vibrational
states and also verifies their prediction
about this occurrence obtained from the
consideration of the classical motion of a
particle in smoothly curved channel'®.

Apart from their absolute magnitude,
the general properties of the coefficients
resemble the results of Hulburt et al. for
the case with vibrational transition.

In our case of single boundary with
which their results include nothing to be
compared, p..’s vary slightly with the
increase of the translational energy, while
Pe2’s, which rise where the translational
energy is just equal to chv, (¢>21) or
Ahyy (1>g), fall rapidly and then increase

10) Ref. 5, p. 280.
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gradually as the energy increases. In
general, p.;’s are much larger than p..’s
in the available range of energy. For the
case of two boundaries, the reflection
coefficients are oscillating function of
energy as shown in Fig. 4. This property
is readily seen from the expressions of
B.:’s in Appendix I and those of p’s, Eq.
20: By the introduction of such approxima-
tions as (vy~!-uo)p=~gq, etc., the resultant
forms are

pc: :4100):: Sin2 M:ﬂo (42)
and  p.2=4p, sin{(m+m;)/2-0,} (43)

where p¢”s represent those of single
boundary under the same condition. The
angle of bending, #,, which is related to
the masses of component species, ma, ms
and mc, by the equation'®

sin(fy—x/2) = [mamc/(ma+mz) (mp+mc)] /2

takes value which is between =/2 and =.
A larger value of #, makes the period of
oscillation shorter (Fig. 5).

They also found such an oscillating
property of coefficient as stated above and
regarded it as an essential one for the
transmission of waves through a bend.
The present author presumes, however,
that the property is partly of artificial
nature being due to the form of potential
models which have two discontinuous
boundaries and is partly of real nature
relating to the efficiency of energy transfer
between the translational and vibrational
motions, by the considerations given below.

The reasons why the form of potential
model is responsible are as follows:

(a) Whatever the transmission to be
estimated is for a bend or a barrier, all
the reflection and transmission coefficients
obtained change monotonously with energy
in the case of smooth potential without
any boundary*%, or even in those of single
boundary®, while they always oscillate
in the cases of two boundaries!®.

(b) From the present result with two
boundaries as shown in Fig. 4, it is found
that the coefficients which are averaged
over each period of oscillation'® are about
twice as large as those of a single boundary

11) S. Glasstone, K. ]J. Laidler and H. Eyring, “ The
Theory of Rate Processes”, McGraw-Hill Book Co.,
Inc., New York (1941), p. 102.

=
12) Since % f sin?xdx=1/2, the averaged
0

value of p,, in Eq. 43, p,., is expressed by
Pee20c6™, where po is assumed to be
nearly constant in each period. Other coef-
ficients are also treated analogously.
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under the same condition. This property
is based, perhaps, on the fact that the
coefficients are the functions of amplitude
of the standing waves which exist between
boundaries and the amplitude of a wave
with a definite phase varies periodically
with respect to the momentum ¢ and 6,
at one of the boundaries. Therefore, when
we take the average for each period of
oscillation, which corresponds to super-
position of all waves with any phase, the
results seem to give good approximation
for the actual behavior'®. It goes with-
out saying that such a property as stated
above can not be expected in a real case,
since the potential energy surface of
reaction would be continuous everywhere
considering the nature of valence force.

In the next place, their result that the
oscillating transmission coefficients get
zero values when the energy of translation
is just equal to several energy units of
quantized motion which is perpendicular
to the direction of the above motion, is
explained as the complete transfer of
translational energy to the vibrational
one. This property is also seen from the
present result that the wvalue of pg
rises steeply as the translational energy
approaches to hy,.

It seems that the speciality of the
square-well channel with 90° turn used by
them comprises incidentally these effects
of real and of virtual: The wave functions
which express the translational and vibra-
tional motions are of similar form and
their eigenvalues in the bending part are
identical to each other.

From these considerations, it will be
concluded that the total transmission
coefficients x.’s decrease stepwise with the
increase of energy on account of the entry
of reflections in which the higher vibra-
tional states are concerned. This tendency
also agrees with that which Hulburt et al.
pointed out previously.

Subsequently, the effect of the curvature
is examined. A larger curvature (smaller
radius) brings about the increase of re-
flection in both the cases with and with-
out the vibrational transition (Figs. 3and 4).
Because of the smallness of net reflection,
however, almost all systems pass through
the bend, preserving initial vibration
quanta. This persistency of vibrational
state was also found for the transmission
through the barrier which was treated in

13) A similar situation is held in the case of Ref. 1,
p- 621, in which the transmission through an energy
barrier was treated.
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pu®

E keal.

Fig. 5. Variation of p,;;¢® with increase
of bending angle 8;.
re=1.04,
== y=n/2, — 0y=27/3, —-—- y=m

Paper I of this series'. The case of
Hulburt and Hirschfelder’s, in which
rather large decrease of transmission was
estimated, corresponds to that of extremely
small radius ».=pPmax in our case.

It is expected that the transmission
coefficient becomes different for the system
including isotopes, since the resultant g
changes its magnitude for the same value
of energy. This effect was also pointed
out by them and their result of oscillating
coefficient with perfect reflection made
them expect its availability for the isotopic
separation. Since, however, the difference
between reflections for isotopic reactions
is also very small, the transmission through
the bend seems not to be effective for the
process.

As a quantum-mechanical correction
necessary for the rate-estimation by the
usual method, the overall transmission
coefficient rbena is defined by®

Ewp

Esenda = 2 € kT 2}: Kg*

-
€ dﬂhﬂﬂp «dpe

XLE‘JB 'J‘; e “rF 'Psdp}
hvg
=1—(ukT)~'-(1—e FT)

chvg be?
[, KT, [, 2akT,
x[Ze [0 p,dp,] (44)

Since the individual «,’s are nearly equal
to unity, the resultant kbena is also close
to unity and gradually decreases as the
temperature becomes higher. The values,

14) This effect means that the perturbation at the bend
should be very small compared with the total energy of
the system. The present condition, 7¢»pmax, which is
equivalent to that in Ref. 6, p. 2, ap»aV,(»), satisfies this
restriction.

[Vol. 32, No. 9

TABLE I. VALUES OF (1—kpena)!®
Temp. °K 300 500 1000 2000
7.=0.5A 3.0%10-% 1.3X10-% 3.8x10~* 3.4x10-3
ze=1.0A 2.0%10-11 7.3%x10-7 2.3x10-+ 2.8x10-3

1—kbena, for the hydrogen atom-molecule
reaction, for example, are shown in Table I.
Finally, as concerns the reacting system
which includes heavier species than
hydrogen, it is very difficult to presume
the exact behavior of the transmitting
waves, because the factors g, 7, v, and
6o change markedly for respective cases.
In general, increased ¢ and lowered v,
provide an increase of the reflection which
is canceled to some extent by an increased
v.. However, the deviation of the total
transmission from unity will be very
small after all, since the fact that the de
Broglie wavelength corresponding to the
translational motion becomes shorter than
that of hydrogen atom-molecule reaction
(1.BA  at 300°K) makes the classical
consideration of motion more valid.

The author wishes to thank Professor S.
Shida for his kind advice and encourage-
ment. The author is also much indebted
to Professor J. Horiuti and Dr. T. Toya
of Hokkaido University and Dr. K. Fueki
of Osaka University for their valuable
discussion and suggestions.

Laboratory of Physical Chemistry
Tokyo Institute of Technology
Meguro-ku, Tokyo

Appendix I. Approximate Formulae of
the Coefficients B,;, C,; and F,.r

Under the condition 7. » pmax, it is expected
that the vibrational eigenfunction in region II,
¢#'(r) becomes close to the function ¢,!(x)
with k=Fk in its form at the boundary between
regions I and II and that the matrix » is nearly
equal to u. Accordingly, when we divide u« into
the two parts, u, the diagonal part of u, and

" %43, the offdiagonal part,

u=1uy+u, (A1)

(A2)
in a similar manner, it may be assumed that
the elements of u; (or »,) are small compared
with those of u; (or vg).

(a) The Case of Single Boundary.—We
have the matrix S, Eq. 29, of the following
approximate form,

S=pvo~ (1—v1-vo"") g~ (ug-+u,)
or neglecting the term including u;-v,,

and also v=vy+ v,

(A3)

15) In the estimation, the values of pip and pg, at E=
3/2-Lv, were assumed for convenience to be unity.
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S=5,+5; (A4)
where Sp=pv,"1q 1u, (A5)
and Si=pvoT g uy— puo T v v Mupg L (A6)

Since the matrix B of Eq. 27 is expressed by the
use of the above equations, as
B=(So—1) (So+1) "14+2(Sg+1)"18:(Sp+1) -t (AT)

we can finally get the expressions of the
coefficients of reflected waves B,;'s and those
of transmitted waves C.’s,

By De(@ o) e s
T P  uo) s+ 4

2?:(90_').[“1.3301—%01..1 (Uo—l'”ﬂ] 2_]_
[De(vo™t-u0) e +qe] - [Da(vo™ 1 10) 14+q2]

£

(A8)

and

Coi= 2_?:(”0-110){“-1;&_

O pe(@o o) e+ qe

+ 20 (W™ ") e (81,0202 — Qe V1,02 (Wo™ 1) 2] 12

x [Pe(vo™ t4p) e +qel- [Pa(vo~ ' uo) 2+q2l
(A9)

(b) The Case of Two Boundaries.—By the
introduction of the same approximations for w'
and v' as those for # and w», the coefficients
B.i's are expressed as follows:

Bee=L [(007" 1) epc®— (40071 00) cq£%]+ (Qe) !

(A10)
and
B ;=2p¢(Qe-Q2) !
X[(4—GeG2)aage{ (o™ e¥1,c2be
— (1o~ 1) ctiy, e 202}
—LeLa{(5071) e¥1,e2 (007! 10) 20244°
— (U™ e thr, 2 (o7 v) 2-Pe g%}
+GeL2ge{(00™") e V1,02 (Vo™ th) 2PeP2
— (o™ 1) ey, e (o™t ) 142}
+GaLe{(u™ ) e 1, c294"
— (00" e t1,e20:P2}] (A1D)
where
Qe=L.{(vo™  t40) gD+ (407" 00) 4%}
—2Gepe-qs (A12)
Go=(W+WH*) .=2cos m.0, (A13)
and L= (W—W%*) ,=2isin m_.0, (Al4)

The F..''s is obtained by substituting the above
expressions of B,;'s into Eq. 15.

Appendix II. Calculations of u;; and v;;

The matrix element u;; is defined by
Ol (%) Zaura-¢al(x) (A15)
Making use of the property of ¢!, we obtain

+o0
Uka= @al*-plldp (A16)

where the lower limit of integration with respect
to p can be practically extended to minus infinity
instead of p=—r, because of the rapid diminution
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of ¢;! and ¢!! where p is smaller than — pmax.
From the condition 7, 3 pmax, ¢»!1(x), Eq. 35,
is described approximately by

I (g) e 7 .(_.P 3"’2).
el (x) Y 1 2’_‘-‘.'- 8r.2 N

X exp(—%'tz)-mw?c) (A17)

Accordingly, u;; which is given by Eq. Al6
consists of the sum of the general term,

+ oo a, a
const.xf p"-N*Nl-exp(—-E{S._.Ep'a)

XHy(Va'-0)-Hy(V a-p)dp

which is resolved, furthermore, into the sum of
the following integrals with some coefficients!®,

Ia= N*Nl-f_+wexp(—%c2—-%p‘3)

XHy(V a0 -Hy (V' a-p)-dp

Since

(A18)

a' 2
a'li+api=(a+a') [p—(—a-_'_-;l-)ﬁr,] =gi* (Al9)
where g and ¢ are defined by
a.f
a=ata’ and t=p— (75 )pr (A20), (A2D)
Eq. Al8 is also written as

Iiz=NiN; -exp[—%( aa’ )(ﬁ"«)’}

a+a’

x f "exp(—-gtz HyHdp (A22)
Transforming the wvariables, ]/a_-p in H,
and V'a'-{ in Hy, into a new variable,
s=1"a-t (A23)
we can write
H;(V?-p)=§:g1:Hs(v a-t) (A24)
and H;;(l/?—t)-zzl,‘,huH;(l/?-t) (A25)

where g;r and hy are coefficients of expansion.
Substituting Eqs. A24 and A25 into Eq. A22,
we can get the final expression of I;a,

1 1
It =N N; 'exp[—?(‘:f“, )(ﬁ?’:)ﬂ

X%jgz:-hu(Nx) -t

(A26)

where N is obtained by replacing a and 1in N;
with g and ! respectively. In a similar way,
the matrix element v,

— et ey T gy 1T

is computed, since the function 7./(7e+ p) -l (x)
has the following approximate form,

(A27)

16) See, for example, H. Eyring, J. Walter and G. E.
Kimball, “ Quantum Chemistry ", John Wiley & Sons,
Inc., New York (1949), p. 60.
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(A28)

and can also be resolved into the sum of Ij;
with reasonable coefficient as well as in the case
of wr;.

‘The obtained expressions of wuz; and wvz; for
k,2=0,1 are shown as follows:

1 3 3
= . - —_—l
o= Ao [(1 2e+ss)+-8—p]

u1o=2A101 a'r,- [(1—';_8 -i—'%ﬁ) (e—p)

(A29)

+%{93—- (4+3,8}:y}]
un=2A0V"a -1, [(1-—-;—3 +%s‘)5+%(95 —4) ’JJ

—_ 1 3 3
uy=4AyV aa'-rs- [(1-—-—2—3 +5¢, (e—8) s+-§v}2

oot

+ -'2- (e—5) s}v]
and

3 15 15
voo=Aoo- [(l -3¢ +? 2) ?32]

L)+ (Ge-D)enp

(A30)

[Vol. 32, No. 9

V=241V a7, [(1—%c+—e ) (e—8)

+%{455— (12+158) })]]

vor=2AnV @ 1.+ [(Iv-g—ﬂ-"?s’)

g U5e—12)9)

0;1=4Au1/¢;a_’-r32.[(1_.g.3 ,,_l;,ez) (c—Be +_1£3 -
ST RNE N
+ = Prefa]

where,
Apa=(mp/r M%) (N3 N2/ No®)

xexp[ —5(F57) - (Bro?] (A31)
= (a+a')/2 (A32)
e={a/(a+a)}p (A33)
= (2@r2) 1 (A34)

and N, is obtained from the normalization factor
N, of vibrational eigenfunction by replacing «a
and « with @ and zero.

The expressions of #'z;r and v'gyr are identical
with the above, because the form of the potential
channel is symmetrical at the two boundaries.




